Applying the theorems of Mobius inverse and Dirichlet inverse, a general algorithm to obtain biorthogonal functions based on generalized Fourier series analysis is introduced. In the algorithm, the orthogonal function can be not only Fourier or Legendre series, but also can be any one of all orthogonal function systems. These kinds of biorthogonal function sets are used as scramble signals to construct biorthogonal scramble modulation (BOSM) wireless transmission systems. In a BOSM system, the transmitted signal has significant security performance. Several different BOSM and orthogonal systems are compared on aspects of BER performance and spectrum efficiency, simulation results show that the BOSM systems based on Chebyshev polynomial and Legendre polynomial are better than BOSM system based on Fourier series, also better than orthogonal MCM and OFDM systems.
Introduction
In wireless transmission systems, orthogonal signals are often used for transmission information. In order to reduce the complexity of receivers in orthogonal transmission system and improve the bandwidth efficiency, a kind of special biorthogonal modulation was adopted. The biorthogonal signals are consisted of two groups of orthogonal signals [1, 2] . In group one, the M/2 functions are directly obtained from orthogonal function system; the M/2 functions in the other group are the inverse functions of group one's. Therefore, only half of the bandwidth and half correlators were required compared with M orthogonal functions modulation system. Biorthogonal CDMA is also helpful to improve spectrum efficiency, reduce multiple-access interference and complexity in receiver [3, 4] . However, these systems also belong to orthogonal systems because all the biorthogonal signals are also orthogonal.
In fact, security is difficult to be guaranteed in orthogonal systems, because the signals used in modulation and de-modulation are same in transmitter and receiver (sometimes except the symbol "+" or "-"). Recently, a kind of biorthogonal functions which are no-orthogonal was discussed. In paper [5, 6] , Wei Yuchuan and Chen Nianxian analyzed several periodic waves based on Fourier series expansions with the theorem of Möbius inverse and the extended Möbius inverse theorem proposed by Chen Nanxian [7] , pointed out that a periodic signal is able to be represented as the a superposition of some easily generated periodic functions (such as sawtooth wave and triangular wave) with different frequencies, and gave an algorithm to obtain the biorthogonal functions based on Fourier series analysis. The kind of biorthogonal functions is not orthogonal. However, the condition above is that the Fourier coefficients of the period functions are completely multiplicative. Subsequently, Su Wuxun in paper [8] gave similarly the inverse transform of some often-used symmetrical periodic waveforms based on Fourier series analysis, and suggested a digital communication system architecture using biorthogonal functions as multi-carriers in paper [9] . However, the condition of completely multiplicative Fourier coefficients limited the space of biorthogonal functions.
In paper [10] , we introduced an algorithm to obtain biorthogonal functions based on Fourier-Legendre series analysis, and proposed a wireless transmission system of biorthogonal scramble modulation (BOSM) based on such kind of biorthogonal function sets. It was pointed out that in flat fading channel, the BOSM systems based on Fourier series analysis have the close BER performance, and spectrum efficiency is similar to MCM system; but the system based on Fourier-Legendre series analysis has higher spectrum efficiency better BER performance than other systems.
In this paper, we introduce a universal algorithm to obtain biorthogonal functions based on General Fourier series analysis. The algorithm doesn't need the condition that the series coefficients are completely multiplicative. In the meantime, the orthogonal function can be not only Fourier or Legendre series, but also can be any one of all orthogonal function systems. Then we propose a BOSM (biorthogonal scramble modulation) system using some of these new biorthogonal functions. On the condition of flat fading channel, we analyze and compare the BER performance and spectrum efficiency of different BOSM and orthogonal systems. The simulating results show that the BOSM based on General Fourier series analysis not only has better BER performance, but also has higher spectrum efficiency than the BOSM system based on Fourier series analysis.
The Fundamental Theorems of Möbius Inverse Transform and Dirichlet Inverse
Möbius inverse transform and Dirichlet inversion are helpful theorems. The related theorems are briefly introduced in this section. A basic Möbius inverse formula is described as follows. If ( ) f n is a number-theoretic function and
then, for all positive integers n, there exists
Inversely, if Equation (2) 
If f(n) and ( ) g n are number-theoretic functions, then their Dirichlet multiplication is also a numbertheoretic functions [11] 
and it can be written as
If ( 
Following is a useful Mobius inverse formula. It is expressed as follows [8, 12] 
Fourier Series Analysis
with period 2 . It has a unique Fourier series expressed as
where,   0 a ,   a n and are the Fourier series coefficients of
Supposing that   u t and   v t are respectively an even and odd functions with period of 2 , their Fourier series is expressed respectively as
By the theorem of Möbius inverse [12] , Equation (9) can be rewritten as the following form
where
Equation (10) shows that a quadratically integrabel function can be decomposed as the superposition of even function   u t and   v t and odd function   v t with different frequencies. In Equation (11) and Equation (12),   k g t and is given respectively by
It can be proved that 
n B n , the conclusion of Equation (15) and Equation (16) can also be obtained.
General Fourier Series Analysis
Supposing   n P x is an infinite orthogonal series with
where weight function   h x is nonnegative and inte-
then it can be decomposed to generalized Fourier series as
The coefficient of generalized Fourier series   a n is defined by
Then, a more universal algorithm to obtain biorthogonal functions is introduced by following proposition. Proposition 1. Supposing is orthogonal series with weighted function in orthogonal interval
and satisfies the relation of
). Then, the two group
and
is a biorthogonal function set, namely
where   a n is the coefficient of generalized Fourier
  is its Dirichlet inverse, a
K is the order of biorthogonal function set 1  a n nd
The proof is completed. 
n is trigonometric function. Therefore, the algorithm given by Equation (20) and Equation (21) is a general algorithm to obtain biorthogonal functions. In fact, the process of biorthogonalizing corresponds to rotate the orthogonal polynomials coordinate axis, thus one function in bi-orthogonal function set has projection on one or more axis.
There is a fast algorithm for biorthogonal functions. Functions (20) and (21) can be rewritten as matrix forms as -mark "-1") . Therefore, the calculation speed of the algorithm method is improved rapidly. The series can be expressed as
n n a n and can be calculated by Equation (6) and Equation (7). Let
, then the biorthogonal functions can be directly obtained as follows 
Transmission System of BOSM
The biorthogonal function sets discussed above have a magnetic feature that the functions in same one group are not orthogonal in time and frequency region. If the functions of one group are mixed up, it is very difficult to apart each one of them from the mixture if without the other group of biorthogonal functions. Profiting from this feature, a wireless security transmission system based this kind of comprehensive biorthogonal function can be constructed. Using the biorthogonal function sets as scramble modulation signal, the systems have outstanding security performance. We call the system as Bi-Orthogonal Scrambling Modulation (BOSM) transmission system. The principle diagram is shown in Figure 2 . The input sequence is converted to parallel sub-sequences
which is individually scrambled by the biorthogonal signal
called BOSS (biorthogonal scramble signal) and the variable x is treated as time . The transmitted symbol t   s t is performed by mixing all the outputs of K parallel branches. It is expressed as
Supposing that the mixed signal   s t is transmitted over flat fading channel and the transmitted signal is compensated effectively in receiver. Then, the received signal is expressed as
where is AWGN with , variance
Further, supposing that the scramble signal in receiver has been already synchronized with transmitter's. The received signal is correlated individually by
and the output of the correlator is -th
where  i is a constant. When the correlating process is finished, the de-scramble process is completed also.
Simulation Analysis for Transmission Performance of BOSM System
In this section, we discuss BER performance, spectrum efficiency and the impact of synchronization precision in BOSM system. The simulation system is established according to Figure 1 . Considering the scene of flat fading channel in narrow band condition, let 6  K and symbol rate 4800 baud s s R  . In receiver, the decision criterion is ML (maximum likelihood). Because parallel transmission depresses ISI (inter-symbol interference) remarkably, the BER performance is mainly affected by channel and ICI (inter-channel interference).
We compare different BOSM and orthogonal systems on the performance of BER and spectrum efficiency. They are based on different BOSS which are obtained respectively by Chebyshev polynomial, Legendre polynomial (general Fourier series) and Fourier series analysis.
The basic function for Chebyshev polynomial analysis is the example given in Section 4. For Legendre polynomial analysis, the basic function is as following
An even symmetrical trapezoid is used as the basic function for Fourier series analysis, expressed as
Correspondingly, the obtained biorthogonal functions sets are marked as BOSS-C, BOSS-L, and BOSS-F, individually. Figure 2 shows the transmitted signal waveform of the example of BOSS-C. It seems like noise. 
Spectrum Efficiency
In BOSS-F, the bandwidth of mixed signal is 14  B kHz (see Figure 3) , the spectrum efficiency is 0.34 baud/Hz approximately, and equal to orthogonal MCM (Multiple Carriers Modulation) system regardless the guard band.
In BOSS-C and BOSS-L, the PSD (power spectrum density) of mixed signal is shown respectively in Figures  4(a) and 4(b) . The energy of mixed signal is mainly concentrated in interval of 0~3.2kHz and 0~4.8kHz, and the In OFDM system, the spectrum efficiency is improved approaching 1 times than orthogonal MCM system. Compared with OFDM system, the BOSM system based on 10 Legendre polynomial analyses has similar performance of spectrum efficiency. Therefore, the BOSM systems based on general Fourier series analysis, including Chebyshev series and Legendre series analysis, have higher spectrum efficiency.
BER Performance
In paper [10] , we had given a conclusion that the BOSM systems based on Fourier series with different basic functions have close BER performance. Supposing synchronization is exactly established. The BER performance of different systems is shown in Figure 5 . It reveals that, in flat fading channel, the BER performance of BOSS-L and BOSS-C systems are the best, and BOSS-F and orthogonal-M systems (or OFDM system) have the close BER performance. Therefore, the BER performance of the BOSM systems based on general Fourier series analysis is satisfying.
Synchronization Property
Synchronization error of biorthogonal signals between transmitter and receiver leads to ICI. Supposing the error is   , then, the output of correlator is ( -th j   n t is omitted)
t F t dt d t A P B P t dt d t A B P t P t dt
In above expression, the output is impacted by all other K-1 channels, because the biorthogonal feature is damaged in different degree with different   . When using the example of BOSS-C, Figure 6 shows the impact of synchronization error to BER performance. The BER curve is changed periodically with the synchronization error, and the period is the length of interval [a,b] (sample number 40 represents the interval length). Therefore, synchronization precision needed to be guarantied in BOSM system, just same as OFDM systems. error probability will be deteriorate when the energy in a symbol interval is significantly weaker than the considered noise level. Therefore, the order K should be not too big.
To properly choose the basic function can change the PDF and PAPR of transmitted signal. In order to make BOSM systems with better performance, how to construct a proper basic function in an orthogonal function system to obtain the biorthogonal functions, it is still a challenge. The biorthogonal functions were introduced into ordinary orthogonal function systems, and pointed out that the condition of complete multiplication is not needed. In the meantime, a more general algorithm for biorthogonal functions called general Fourier series analysis was proposed. Because the obtained biorthogonal functions are not orthogonal each other, the BOSS that the obtained biorthogonal functions were used as scramble signal to be modulated by transmitted symbols has outstanding security performance, especially when the order is enough big. This is very different from orthogonal system and traditional biorthogonal modulation system. By simulation analysis, in flat fading channel, the BOSM systems based on general Fourier series analysis, such as Chebyshev polynomial and Legendre polynomial analysis, have better BER performance and spectrum efficiency than the BOSM system based on Fourier series analysis, orthogonal MCM system or OFDM system.
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